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Abstract 

For primes p > 5, we propose a conjecture that relates the values of cup 
products in the Galois cohomology of the maximal unramified outside p extension 
of a cyclotomic field on cyclotomic p-units to the values of p-adic L-functions of 
cuspidal eigenforms that satisfy mod p congruences with Eisenstein series. Passing 
up the cyclotomic and Hida towers, we construct an isomorphism of certain spaces 
that allows us to compare the value of a reciprocity map on a particular norm 
■ compatible system of p-units to what is essentially the two-variable j?-adic L- 

^ I ■ function of Mazur and Kitagawa. 

^ : 1 Introduction 
o 

O i I'l Background 



The principal theme of this article is that special elements in the Galois cohomology of 
a cyclotomic field should correspond to special elements in the quotient of the homology 
group of a modular curve by an Eisenstein ideal. The elements on the Galois side of the 
picture arise as cup products of units in our cyclotomic field, while the elements on the 
modular side arise in alternate forms of our conjecture from Manin symbols and p-adic 
L-values of cusp forms that satisfy congruences with Eisenstein series at primes over 
p. We can also understand this as a comparison between objects that interpolate these 
elements: the value of a reciprocity map on a particular norm compatible sequence of 
p-units and an object giving rise to a two-variable p-adic L-function, taken modulo an 
Eisenstein ideal. 

We make these correspondences explicit via a map from the Galois group of the 
maximal unramified abelian pro-p extension of the cyclotomic field of all p-power roots 
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of unity to the quotient by an Eisenstein ideal of the inverse hmit of first etale cohomology 
groups of modular curves of p-power level. Recall that the main conjecture of Iwasawa 
theory tells us that the p-adic zeta function provides a characteristic power series for 
the latter Galois group as an Iwasawa mdoule. In fact, the map we construct is a 
modification of that found in the work of M. Ohta on the main conjecture |U2j - [U6] . 
which incorporated ideas of Harder-Pink and Kurihara and the Hida-theoretic aspects 
of the work of Wiles into a refinement of the original proof of Mazur- Wiles. In one of its 
various guises, our conjecture asserts that this map carries inverse limits of cup product 
values on special cyclotomic units to universal p-adic L-values modulo an Eisenstein 
ideal, up to a canonical unit. 

The reasons to expect such a conjecture, though numerous, are far from obvious. The 
core of this article being focused on the statements of the various forms of this conjecture 
and the proofs of their equivalence, we take some space in this first subsection to mention 
a few of the theoretical reasons that we expect the conjecture to hold. We omit technical 
details, deferring them for the most part to future work. 

Initial evidence for our conjecture can be seen in relation to the main conjecture 
for modular forms. In fact, we can show that cup products control the Selmer groups 
of certain reducible representations, such as the residual representations attached to 
newforms that satisfy mod p congruences with Eisenstein series. More precisely, under 
weak assumptions, such a Selmer group will be given as the quotient of an eigenspace 
of a cyclotomic class group modulo p by the subgroup generated by a cup product of 
cyclotomic p-units. On the other hand, p-adic L-values of such newforms are expected 
to control the structure of these Selmer groups by the main conjecture of Iwasawa theory 
for modular forms [G, p. 291]. That is, the main conjecture leads us to expect agreement 
between these cup products and the mod p reductions of the p-adic L-values of these 
newforms inside the proper choice of lattice. 

One can think of our conjecture as related to the main conjecture for modular forms, 
modulo an Eisenstein ideal, in essentially the same manner that the classical main 
conjecture relates to Iwasawa's construction of the p-adic zeta function out of cyclotomic 
p-units. Iwasawa's theorem provides an explicit map from the group of norm compatible 
sequences in the p-completions of the multiplicative groups of the p-adic fields of p-power 
roots of unity to the Iwasawa algebra that sends a compatible sequence of one minus 
p-power roots of unity to the p-adic zeta function [I]. In our conjecture, the two variable 
p-adic L-function modulo an Eisenstein ideal is constructed out of a reciprocity map 
applied to the same sequence of cyclotomic p-units, or more loosely, out of cup products 
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of cyclotomic p-units. 

We remark that Fukaya proved a direct analogue of Iwasawa's theorem in the mod- 
ular setting, constructing a certain two-variable p-adic L-function out of the Beilinson 
elements that appear in Kato's Euler system [F]. In fact, Kato constructed maps that 
yield a comparison between these Beilinson elements, which are cup products of Siegel 
units, and L- values of cusp forms |Kaj . The connection with our elements is seen in 
the fact that Siegel units specialize to cyclotomic p-units at cusps. Fukaya constructed 
her modular two-variable p-adic L-function via a map arising from Coleman power se- 
ries. Although this map is defined entirely differently to ours, this nonetheless strongly 
suggests the existence of a direct correspondence of the sort we conjecture. 

We feel obliged to emphasize, at this point, that the map that we use arises in a 
specific manner from the action of Galois on modular curves, which makes the conjecture 
considerably more delicate than a simple correspondence. It is natural to ask why such 
a map should be expected to provide our comparison. At present, the most convincing 
evidence we have of this is a proof of a particular specialization of the conjecture. That 
is, one can derive from |Shl Theorem 5.2] that our map takes a particular value of the 
cup product to a universal p-adic L- value at the trivial character under the assumption 
that p does not divide a certain Bernoulli number, up to a given canonical unit. We 
describe this just as briefly but more concretely in the next subsection. It was this result 
that convinced us to look at the map we construct here. That the values on cup products 
of this consequential map should have prior arithmetic interest in and of themselves is 
perhaps the most remarkable aspect of our conjectures. 

1.2 A special case 

We first describe a special but fundamental case. Set F = Q(/ip) for an irregular prime 
p, and consider the p-completion Sp of the p-units in F. The cup product in the Galois 
cohomology of the maximal unramified outside p extension of F defines a pairing 

where Ap denotes the p-part of the class group of F. This pairing was studied in 
detail in [McSj . We fix a complex embedding i of Q and thereby a pth root of unity 
(p = L~^{e'^'^^^^^). Let uj denote the Teichmiiller character. For odd t G Z, define 

p-i 

= 11(1 - cX^^'-' G Sp. 

i=l 
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We consider the values {at, dk-t) for odd integers t and even integers k. Such a value 
can be nontrivial only if the C(j^~^-eigenspace of is nontrivial, which is to say, only if 
p divides the generalized Bernoulli number Bi^^^k-i. We fix such a k. 

Suppose we are given a newform / of weight 2, level p, and character u;'^"^ (coef- 
ficients in Qp) that satisfies a congruence with the normalized Eisenstein series with 
Ith eigenvalue 1 + uj^~'^{l)l for odd primes / 7^ p. Inside the p-adic representation at- 
tached to / is a choice of lattice that corresponds to the first etale cohomology group of 
the closed modular curve Xi{p) over Q. The action of Galois on the resulting residual 
representation Tf gives rise directly to a map 

^Homz, (T+,T7), 

where are the (±l)-eigenspaces of Tf under complex conjugation. We find a generator 
of T^, canonical up to i, and therefore we obtain a map 

0/ : A~p® Hp ^TJ ® Hp. 

We conjecture that the map takes values of the cup product on our special cyclo- 
tomic units to the images of p-adic L-values of / in Tj' ® /ip. In particular, the space 
T^(l) may be thought of as a space in which the p-adic L- values Lp(/, x,s) naturally 
lie, for X an even character and s G Zp. Let us denote the image of Lp{f, x, s) in <^Hp 
by Lp{f,XjS)- In this setting, our conjectures state that 

0/((at, ak-t)) = Cp^k ■ Lp{f, a;*-i, 1) (1.1) 

for some Cp^k ^ (Z/pZ)^ independent of t and /. 

The first theoretical piece of evidence for this conjecture may be derived from |Sh[ 
Theorem 5.2]. It implies that (11. ip holds for t = 1 for some Cp^k € (Z/pZ)^, under 
the assumption that p does not also divide Bi^^i-k. Moreover, one can show that the 
value {at, ak-t) is zero only if the Selmer group over Q of the Tate twist Tf{t) of Tf 
is nonzero under certain mild assumptions. On the other hand, that Lp(/, a;*~^, 1) is 
zero only if the same same Selmer group is nonzero would follow in this case from 
the main conjecture of Iwasawa theory for modular forms. We intend to explore an 
Iwasawa-theoretic generalization of this in forthcoming work. 

1.3 Summary of the conjectures 

Let us now turn to the general setting and give a condensed but nearly precise overview 
of the objects to be studied in our conjectures. Choose a prime p > 5 and a positive 
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integer prime to p with p not dividing the number of divisors f{N) of A^. The 
different versions of the conjecture can roughly be stated as giving, respectively, the 
following correspondences between to-be-defined objects: 

. U^-J) (1-2) 
. (1.3) 
. L,{^,uje,k,^,t). (1.4) 

In the rest of this introduction, we first sketch the definition of the objects on the Galois 
(left) side of the picture, followed by the objects on the modular (right) side, and finish 
by describing the maps yielding the correspondences. 

Let K = Q(/iArpoo). A fixed choice of complex embedding affords us norm compatible 
choices (^pr of primitive Np^ th roots of unity in the fields Fr = QifiNp^-) for r > 1. We 
let S denote the set of primes over Np and any real places of any given number field, 
and we let Gf^.s denote the Galois group of the maximal unramified outside S extension 
of Fr. We then form the cup product 

HctsiGFr,S, Zp(l))®^ H^^^{GFr,S, Zp(2)). 

We use ( ■ , ■ )f,. s to denote the projection of the resulting pairing on S'-units of F^. to 
the sum of odd, primitive eigenspaces of the second cohomology group under a twist by 
Zp(-l) of the standard action of Gal(Fi/Q) = {Z/NpZy (see Section El]) . In we 
then consider values (1 — (hp^^ 1 ~ CNp^)°Fr,s ^^i^ pairing for i,jEZ nonzero modulo 
Np"^ with {i,j,Np) = 1. 

Inverse limits of these cup product pairings up the cyclotomic tower allow us to define 
a certain reciprocity map on norm compatible sequences of p-units in intermediate 
extensions of K/F. Put another way, we consider an exact sequence 

of Zp[[G/^^5]]-modules, where Xk is the maximal abelian pro-p quotient of Gk,s, on which 
Gk,s acts trivially, and T is determined by the cocycle that is the projection map from 
Gk,s to Xk- It yields a long exact sequence among inverse limits under corestriction of 
cohomology groups of the Gpr^s, in particular a coboundary map (see Section [2^21) 

^k: \nnHUGp^,s,Zpil)) ^ limif^G^^.^, Z,(l)) Xj, 

after twisting by Zp(l). The odd, primitive part of the latter inverse limit is isomorphic 
to the odd, primitive part of the maximal unramified quotient of Xk- Then 



n(i-c) - 
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is given by composing with projection to ^k, where X]^ denotes the odd part of 

Xk- We are interested in (11.31) in the value "^"j^i^l — C) on the norm compatible sequence 
1 — C = (1 — (Np'-)r of p-units in the fields Fr. 

Finally, we can consider cup products with twisted coefficients. Let u denote the 
p-adic Teichmiiller character and k the product of the p-adic cyclotomic character with 
Lu'^. Let Ojy denote the extension of Zp generated by the values of all Qp- valued 
characters of (Z/Np^Z)^ for all r > 1. For any even p-adic character ip of (Z/Np^Z)^ 
(with s > 1) and t G Zp, we define (as in Section m|) 

at = hm n (1 - CV)^'"'^^^ e ^cts(GQ,5, 0iv(«:V)), 

i=l 
{i,Np)=l 

where On{i^^iP) designates On endowed with a fi;*?/^-action of Gq,s- We may then take 
cup products of pairs of such elements. Suppose that k E Zp and that 9 is an odd 
character of {Z/Np'^Z)^ , with the additional assumption that the restriction of 6 to 
(Z/NpZ)^ is primitive. The cup product af U al^t of (11.41) is then the resulting 
element of HI^{Gq^s, Civ(/t'=tu^)). 

On the modular side, we consider the etale cohomology group Hl^{Xi{Np'^) ^q; Zp). 
Our complex embedding and Poincare duality allow us to identify elements of this Galois 
module with the singular homology group Hi{Xi{Np'^); Zp) (see Sections I3.4ti3.5p . This 
identifies the (±l)-eigenspaces of Hl^{Xi{Np'^) ^-q; Zp) under complex conjugation with 
the (=Fl)-eigenspaces of Hi{Xi{Np^); Zp). Both of these groups are modules for a cus- 
pidal Hecke algebra, which acts via the adjoint action on cohomology and the standard 
action on homology, and we may consider their ordinary parts, i.e., the submodules on 
which the Hecke operator Up is invertible. 

The ordinary part of Hi{Xi{Np^)] Zp) contains symbols arising from the classes of 
paths between cusps in the upper half-plane (see Sections I3.m3.2p . For i,j G Z with 
Np) = 1, we may consider the class of the geodesic from to -^^^ in homology 
relative to the cusps, where ad — be = 1, i = a mod Np"^, and j ^ b mod Np'^. The 
symbol C.ri'i '■ j) is given by first applying the Manin-Drinfeld splitting to the class of 
this path and then projecting to the ordinary part. 

Inside the part of the cuspidal Zp-Hecke algebra that is ordinary and primitive under a 
certain twisted action of the diamond operators, we have the Eisenstein ideal generated 
by projections of elements of the form Ti — 1 — with / prime and / f Np, along with 
Ui — 1 for I \ Np. Let Yr denote the localization of H^^{Xi{Np^) ^q; Zp) at the ideal 
generated by Ir, p, and (1 +p) — 1, and let Y~ denote its (— l)-eigenspace under complex 
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conjugation. In fll.2p . the symbol $,r{i : j) then denotes the projection of ^r{i '■ j) to 
Y-/IrY- (see Sectional]). 

We now define what we shall refer to as two-variable p-adic L-functions, which are 
more precisely sequences of Mazur-Tate elements that interpolate such L-functions. Let 
{Z/Np^Zy denote the set of nonzero elements in Z/Np'^Z. If r > 1 is given, we use [i]r 
to denote the element of Zp[{Z/Np'^Zy] (see Section EH]) corresponding to i G Z with 
Np^ \i. The L-function Cn is defined in Section [3l3] as the inverse limit 

Cn = lim ■■ 1) ® [«]r, 

I- i=l 

(i,Np)=l 

while the modified L-function £^ of Section [Q] is 

£^ = lim J2 Up 'U^ : 1) ® [i\r. 

r i=l 

The projection of C*^ to the Eisenstein component lies in the completed tensor product 
yN ®Zp A^, where yN denotes the inverse limit of the Yr and is the inverse limit of 
the Zp[{Z/Np''Zy]. The projection of C*j^ to 3^j^/X3^j^ (A^)" is the object used 
in fll.31) (see Section 1^751) . 

We next consider the special values of ^at. First, we apply a character of the form 
ipK^~^, where t >1 and ip is an even character on some (Z/Np^Z)^ , obtaining 

lim J2 '4^f^'^\i)^rii ■■ l). 
r i=i 

{i,Np)=l 

For any odd character 6 on some {Z/Np'^Z)^ that is primitive on (Z/NpZ)^ , we may 
consider the maximal quotient of the inverse limit of ordinary homology groups on which 
each diamond operator (j) acts as 9uj~^n^~'^{j). The image of the above limit in this 
quotient is denoted Lp{^,uj6,k,ip,t) (see Section [T^ . in that it interpolates the values 
at the given t G Zp of the p-adic L-functions with character %p of the ordinary cusp 
forms of weight /c, level Np^ , and character 9uj~^. Finally, we may consider its reduction 
Lp{C,,uj6, k,ip,t) modulo the Eisenstein ideal of weight k and character 6uj^^. 

The key to relating the above Galois-theoretic and modular objects lies in the con- 
struction of maps which take the objects on the left side of our earlier diagram to those 
on the right side. These maps should be canonical up to our original choice of complex 
embedding and make these identifications independent of its choice. In the paragraph 
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following Proposition 14.101 we define, up to a fixed unit in A^v, a homomorphism 



01 : ^ y-^/iy], 

that arises from the Galois action of Gk,s on 3^iV) particularly the map 

X^^Homz,(y+,3^^) 

it induces, together with a modification of a pairing of Ohta's (see Proposition 14.51) . It 
induces isomorphisms on "good" eigenspaces. The map yielding (11. 2p is then conjectured 
to be given by the Tate twist of (pi by Zp(l), and the map yielding (11.41) is also conjectured 
to be induced by a twist of 0i, taking appropriate quotients. 
Secondly, we have a homomorphism 

02:X]-.^(A*J- 

determined by the action of on p-power roots of cyclotomic A'^p-units (see Propo- 
sition 16.21) . More precisely, 02 (o") is the inverse limit of the sequence of elements of 
Zp[(Z/A^p'"Z)*] that have ith coefficient modulo given by the exponent of C,ps ob- 
tained in applying the Kummer character attached to o" to a p^tli root of 1 — Chp^- The 
map yielding (11.31) is conjectured to be 0i (S> 02. 
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Index of Notation 

Bernoulli numbers 

characters 

cj, [221 SHI 

comparison maps 
0i,[3OH3l] 
Ti^,[32] 
Vri [33] 

Wr, [36] 

complex embedding 
conductors 

km 

conjugacy classes 
cup product pairings 
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Km 

eigenspaces and maps 
A^, [151 [231 [39] 

A°, aW,[2IH22] 

em 

ZW,[23] 
Eisenstein ideals 
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Galois and related groups 
Ge,s, ^e, Xk s, [m 

Ak,s, <^k, m 

Galois cohomology 
Hecke algebras 

^*r, f)*,[l9H2Q] 
Hecke operators and maps 

Sr, WNpr, {j)r, [HHIS] 
Cr, [15] 

u,m 

homology classes 
(:),, {a,/3}.,[Ta 
[u : v]r, [u : v]f, [15] 
^riu : t;), ^(u : 

integers 
Kummer maps 
L-functions 

^N, ^N,M, [13 
^*N^Mi [33 
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-^P,M, L*^M^ ST] twists 
measures unit groups 

Aiv,M,[ni[38] 

modular curves and cusps units 

y;(iv), x[(iv), C[{N)m a CM 

modular repesentation and related modules ! — [32] 

Ze, Z'g, pe, Bg, Ce,^ vti,r,v <^?f^ Vm,v 

ordinary (co)homology 

H,{Xl{Ny,Zpr\ H,{N),ni{N), 
H\X{{Ny,Zpr\ H\N),n\N), 
Hl{N), 74 (iV), Ht\N), nf{N) 
yN, 2^N, 



p-adic objects 

Zp,Ar, Aat, [TT] 
[j], [j]r,[ni[3H] 



Zp,Ar, A^, [38] 
Poincare duality pairings 

reciprocity maps 
^x,[13] 



rings of character values 

OnM 
specialization maps 

x,mmm 

set of primes 
^,[11] 
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2 Galois cohomology 



2.1 Iwasawa modules 

Let p be an odd prime, and let Nhea. positive integer prime to p. Let F — Q(/iAfp) • Since 
Gal(F/Q) is canonically isomorphic to (Z/NpZ)^, we may identify characters on the 
latter group with characters on the former. Let K denote the cyclotomic Zp-extension 
of F. Set 

Zp,Ar = limZ/A^p''Z, 
and note that that Gal{K/Q) is canonically identified with Z^^. Set 

= Z,[[Z;,^]]. 

When we speak of AAr-modules, unless stated otherwise, the action shall be that which 
arises from the action of Gal(i^^/Q). 

We fix, once and for all, a complex embedding i: Q C, which we will use to make 
a number of canonical choices. To begin with, for any d > 1, let Q = i^^(e^'^*/'^), which 
in particular fixes a generator ( = (Cp^) of the Tate module. Wc use this to identify the 
Tate module of with Zp(l), though this identification is primarily notational (e.g., 
by Zp(l) in a cohomology group, we really mean the Tate module canonically). 

Wc use S = Se to denote the set of primes dividing Np and any real places in an 
algebraic extension E of Q. Let Ge,s denote the Galois group of the maximal unramified 
outside S extension of E, and let Xe denote its maximal abelian pio-p quotient. Let 
Oe.s denote the ring of S-integers of E, and let Se denote the p-completion of the 
^-units of E. If T is a profinite Zp[[GQ^s']]-modulc and i > I, then we let 

Hi{K,T)^ \imHi,^{GE,s,r), 

ECK 

in which the inverse limit is taken with respect to corestriction maps over the number 
fields E contained in K and containing F. 

Let Uk denote the group of norm compatible sequences of 5'-units for K, i.e., 

Uk = lim O^^g Oz Zp ^ lim E"" ®z Zp. 

EcK ' EcK 

(Note that any norm compatible sequence must consist of p-units, since all decomposition 
groups in Ga\{K/F) are infinite and only primes over p ramify, forcing the valuation of 
the elements of the sequence to be trivial at primes not over p.) Let Xk,s denote the 
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Galois group of the maximal abelian pro-p extension of K in which all primes (above 
those in S) split completely. Kummer theory provides us with the following well-known 
lemma, of which we sketch a proof for the convenience of the reader. 

Lemma 2.1. There is a canonical isomorphism 

HliK, Z,il)) =Uk 

and a canonical exact sequence 

^ Xk,s ^ Hl{K, Zp(l)) ^ Zp ^ ^ (2.1) 

of An -modules. 

Proof. Let E be an number field in K containing F. Let Ae,s denote the p-part of the 
^-class group of E, and let Bts{E) denote the S-part of the Brauer group of E. The 
Kummer sequences arising from the G^.s-cohomology of the S-unit group of the maximal 
unramified outside ^-extension of F [NSWl Proposition 8.3.11] yield compatible short 
exact sequences 

^ Se/S^' ^ H\Ge,s, /ipO ^ AeApI ^ (2.2) 

and 

^ Ae,s/p'Ae,s H\GE,s,f^pr) -> BTs{E)[f] ^ 
for r > 1. Considering the isomorphisms 

HI,^{Ge,s,M1)) = \imH^{GE,s,fipr), 

r 

the first statement follows from the finiteness of Ae^s and the second by class field 
theory. □ 

2.2 Cup products and the reciprocity map 

Now, consider the cup products 

HltsiGE,s, Zp(l)) ®Zp HltsiGE,s, Zp(l)) HI^^{Ge,s, Zp(2)) 

for number fields E m K containing F. Note that £e = g (S>z Zp is canonically 
isomorphic to H^^^{GE,Sy Zp(l)). We obtain, therefore, a resulting pairing 

{■,-)e,s-SexSe^ HUE, Z,{2)). 
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Recall that 8k denotes the p-completion of the S'-units in . In the limit under 
restriction and corestriction maps, we have a "cup product" 

8k Hl{K, Zp(l)) ^ Hl{K, Zp(2)), 

since 8k is canonically isomorphic to the p-completion of the direct limit of the 8e- This 
provides a Zp-bilinear pairing 

{■ . ■)k,s- 8k y<UK ^ Hl{K,Zp{2)). 

Remark. In fact, if one takes the limit over E of cup products with /ipr-coefficients first 
and then the inverse limit with respect to r, one obtains a product 

(1)) HliK, Zp(l)) ^ HliK, Z,(2)). 

The group H^^g{GK,s, can be identified by Kummer theory with the AAr-module 

of elements of the p-completion of whose p-power roots define Zp-extensions of K 
that are unramified outside S. We shall not need this in this article. 
Consider the exact sequence 

1 ^ Xk ^ T ^ Zp ^ (2.3) 

of Zp[[Gj^ 5]] -modules that is determined up to canonical isomorphism by the natural 
projection A: Gk,s in the sense that for any lift e G T of 1 G Zp, we have 

X{g) = g{e) — e for all g G Gk,s- As (12.31) arises as an inverse limit of exact sequences 

1 — Xp^ — ^ 7^ — ^ Zp — s> 

given by the projections A^: Gp^^s ^f,.? we have a coboundary map 

HI;{K,Zp)^HI{K,Xk) (2.4) 

that is the inverse limit of the corresponding coboundaries at the finite level. For any 
r > 1, we have 

<^ ■ K{g) = Xr{crgcr'^) 

for a G Gq s 3^nd g G GFr,Sj so this is in fact a homomorphism of Ajy-modules. Twisting 
(12.41) by Zp(l), we obtain a AAr-module homomorphism 

^k:Uk^HI{K, Zp(l))®z, Xk. 

We refer to k as the S'-reciprocity map for K. 

If a G 8k, let VTa G IIomcts(Xft:j Zp(l)) denote the corresponding homomorphism. 
The cup product relates to ^ k as follows: 

{a,u)K,s = {l(dT^a){^K{u)) (2.5) 

for u G Uk and a G 8k- 
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3 Homology of modular curves 



3.1 Homology 

We assume from now on that p > 5. Let r > 1. Consider the modular curves Y-[{N) = 
YiiNp"-) and X[(A^) = Xi(A^p'') over C and the cusps C[(X) = X[{N) - Y{{N). We 
have the following exact sequence in homology: 

H^{X{{N); Z^) ^ H^{Xl{N), C{{N); Z^) ^ Ho{C{{N); Z^) ^ 0, (3.1) 

where Hq is used to denote reduced homology. Let S^r denote the modular Hecke algebra 
of weight two and level Np"^ over Zp, which acts on Hi{Xl{N),C[{N); Zp), and let l)r 
denote the corresponding cuspidal Hecke algebra over Zp, which acts on ifi(X[(A^); Zp). 
We have the canonical Manin-Drinfeld splitting over Qp, 

Sr-. H^{Xl{N),Cl{N)■ Qp) ^ i/i(X[(iV); Qp). 

For any r > 1, and a,b E Z with (a, 6) = 1, let 

f) eHo{Cl{Ny,Zp) 

/ r 

denote the image of the cusp corresponding toa/6GP''"(Q). In general, we have that 

(:). = (::). and 

whenever a = a' mod Np^ , b = b' mod Np"^ , and (a, b) = (a', 6') = 1 (cf., |DS; , Proposi- 
tion 3.8.3]). (We use these equalities to extend the definition of these symbols to include 
all O^with {a,b,Np) = l.) 

Let {a,P}r denote the class in Hi{Xl{N),C[{N);Zp) of the geodesic from a to P 
for a,j3 E P"'"(Q), which we refer to as a modular symbol. We note that the set of 
such modular symbols generate Hi{Xl{N),C{{N)]Zp) over Zp. They are subject, in 
particular, to the relations 

{a,(3}r + {/3,7}r = {tt,7}r 

for 7 G P-'-(Q). The map 6r satisfies 
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for a,b,c,d E Z with (a, c) = {b,d) = 1. 

Furthermore, for u,v E Z/Np^Z with {u,v) = (1), we let 

r 1 / ^ a 

where a,b,c,d E Z satisfy ad — be = 1, u = a (mod Np^), and v = b (mod Np^). This 
is the image under the Atkin-Lehner operator w^pr, which acts on homology through 
the matrix 

-l' 

Np' 

of what is usually referred to as a Manin symbol [Mn] (i.e., that associated to the pair 
(—a, — &)). It is independent of the choices of a, b, c, and d. We will often abuse notation 
and refer to [u : f ]r for integers u and v with [u, v, Np) = 1. 

Recall that f)^ contains a group of diamond operators identified with (Z/Np^Z)^ . We 
use {j)r to denote the element corresponding to j G (Z/Np^Z)^ . The homology group 
Hi{Xi{N) , Cl{N); Zp) has a presentation as a Zp[(Z/A''p''Z)^]-module with generators 
[u : v]r for u,v E Z/Np^Z and ('U,t') = (1), subject to the relations: 

[u : v\r + [— f : u\r = 0, (3.3) 

[u : v]r = [u : u + v]r + [u + V : v]r, (3.4) 

[— n : —v]r = [u : fj^, (3.5) 

{j);^[u : v]r = [ju : jv]r (3.6) 

(see |Mnl Theorem 1.9] for the presentation over Zp] the latter relation is well-known 
and easily checked). 

Additionally, the involution a i— »• —a on the upper half plane provides us with a de- 
composition of homology into (±l)-eigenspaces Hi{Xl{N), C[(A^); Zp)"^. We denote the 
relevant projections of modular symbols similarly. The presentations of these modules 
are subject to one additional relation 

[-U : v]^ = ±[u : v]^. (3.7) 

3.2 Ordinary parts 

The ordinary parts t)™'^ and 9)°^'^ of f)r and 9)r, respectively, consist of the largest subrings 
upon which the pth Hecke operator Up acts invertibly. Let denote Hida's idempotent, 
which provides maps 

e.: Sjr-^K""^ and e,: ^ i)"/'^, 
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and similarly for any ^^-modules. In particular, (13.11) provides a corresponding exact 
sequence of ordinary parts: 

^ H,iXl{N); Z^r" ^ H,iXl{N), C[(iV); Z^)-^ ^ ^o(C[(iV); Z^r" ^ (3.8) 

We will identify ifi(X[(iV); Zp)°'^^ with its image in iJi(X[(A^), C[(A^); Zp^"^. 

Lemma 3.1. Suppose that u,v ^ Z/Np^Z with {u, f ) = 1 and with both u and v nonzero 
modulo p"^ . Then 

e,[M:t;], Gi/i(X[(iV);Zpr^ 

Proof. By (13.81) . it suffices to show that if a, 6 G Z with (a, 6) = 1 and p"^ \ a, then 
er(p°J = 0. This is an immediate corollary of |02t Proposition 4.3.4]. □ 

For any u,v E Z/Np^Z with {u,v) = 1, let us set 

C,r{u : v) = Cr O Sr{[u : v]r) . 



By Lemma \3.1\ we have ^r{u : v) = er[u : v]r whenever both u and v are not divisible 
by p^. 

Hida (e.g., [HI] ) constructs ordinary Hecke algebras 

i) = limi)^"^ and ^ = lim^°'^<^. 

Inverse limits of the ordinary parts of homology groups with respect to the natural maps 
of modular curves provide the following f)-modules: 

H,{N) = \imH^{X[{N)- Z^f"^ and HiiN) = lim s,(ifi(X[(Ar), C{{N)- Zp))°'"^ 

r r 

We now construct certain inverse limits of our symbols. 

Lemma 3.2. Let u G Z[i] and v G Z. Suppose that p \ v and that {u,v,N)Z[^] = Z[^]. 
Then, for r sufficiently large, the symbols ^r{p^u '■ v) are compatible under the natural 
maps of homology groups, providing an element ofTii^N) that we denote ^{u:v). 

Proof. Suppose u = u'p^^ with -u' G Z prime to p. Choose a,b,c,d G Z with a = 
u' mod Np'^, b = V mod Np^', and p^~^ad — be = 1. Note that 

b a 



\p''u : v]r = 

For any t with s < t < r, this maps to 

b a 



dNp"" ' cNp 



r 



\p^u : v]t, 



dNp"" cNp" 

since p*~*a ■ p'^~^d — be = 1. □ 
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Lemma 13.11 now has the following immediate corollary. 

Corollary 3.3. Let u and v he as in Lemma \3.2\ and suppose that u ^ Z. Then 
au:v)eH^{N). 

3.3 The two-variable j9-adic L-function 

Mazur pz2] (but see pzTl Section 111.2]) considers the T^i ( A^)-valued measure Ajv on 
determined by 

X^ia + Np'Zp^^) = U^'^ap-'a : 1), 

where a G Z is prime to Np and r > 0. We have an element Cn € 'Hi{N)®Zp^N 
(where (S)Zp denotes the completed tensor product), essentially the Mazur-Kitagawa 
two- variable p-adic L-function [Ki] , determined by 



x{Ci,) = [ xA^ G HiiN) Qp (3.9) 

for any character x ^ Homcts(Zp^, Qp^) and induced map 

X : Hi (iV) ® z, Aiv ^ Hi (iV) ® z, Q;. 
Denoting the group element in A^v corresponding to j G Z^^ by [j], we have 

CN = \im J2 t^p"'er(j:l)®[j]rGHi(iV)®z,A^, 

{j,Np)=l 

where [j]r denotes the image of [j] in Zp[(Z/A''p^Z)^]. 

We shall require certain modified versions of this L-function. In this section, we 
mention the following generalization. For any M dividing A^, let us set 

£^,M = lim U-'-Uj ■M)0[j]reni{N)^z,AN. (3.10) 

^ j=o 

(j,Np)=l 

One can also define this similarly to (13. 9p by integration, replacing A^r by \n,m with 

A7v,M(a + NfZ^^^) = U;'i{p-'a : M). 
We will now explain why Cn,m is well-defined. 
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In general, suppose that t is a positive divisor of Np^ for some r and u and v are 
positive integers not divisible by Np^ with {tu,v,Np) = 1. Let Q = Np'^/t, and choose 
a,b,c,d E Z with tad — bc=l,a = u mod Np'', and b = v mod Np''. For any such t, we 
define 

f/*= n f^r, 



! prime 



where mi denotes the Z-adic valuation of t. Then 

b ta 



Ut[tu : v]r = Ut 



dNp"" ' cNp' 



^fb + kdNp' a + kcQ} 
^ \ ~tdNjf~' cNp'- J , 

fc=0 



We obtain 



t/ter(tM : v) = J2^riu + kQ : v). (3.11; 



fc=0 



Hence, for s > r and any positive i < Np^ with (i, Np) = 1, the quantity 



pi>-r_l 



k=0 

maps to 



U^Uf^ ■■ M) ® e H^{Xl{N), C({Ny, Z^r'' Zp[{Z/Np'Z 

and, therefore, to 

U;~''-U^ ■■ M) ® [z], G ifi(X[(iV), C[(iV); Zp)-<i Zp[(Z/iVp'-Z 

under the maps inducing the inverse limit in (13.101) . 
The following is immediate from Lemma 13.11 

Corollary 3.4. The L-function Cn,m Hgs in Hi{N) (8>Zp ^n- 
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3.4 Cohomology 

We now explore the relationship between homology and cohomology groups of modular 
curves. We show that, for our purposes, they are interchangeable. For this, we consider 
exact sequences in reduced (singular) homology and cohomology of our modular curves 
and commutative diagrams induced by Poincare duality. We refer the reader to [Stl 
Section 1.8] as well. 

Proposition 3.5. For r > 1, we have canonical commutative diagrams 

0^ifi(X[(iV); Zp)^H,{Xl{N),Cl{Ny, Z,) ^ Hq{C[{N)- Z^) ^0 (3.12) 

I I I 
Q^H\Xl{N)-Z,) > H\Y{iN);Z,) > H\C{{N)-Z,) 

that are compatible with the natural maps on homology and trace maps on cohomology. 
Furthermore, the actions of Sjr on the homology groups and the adjoint Hecke algebras 
S^l on the cohomology groups are compatible. 

Proof. Let D = Zp[P^(Q)], and let Dq denote the kernel of the obvious augmentation 
map D ^ Zp. Set Gr = Ti{Np^). Using the homological version of [AS I Proposition 
4.2], we may rewrite the top exact sequence in fl3.12p canonically as 

^ kera ^ (Z}o)g. ^ ker(Z}G. ^ Z^) ^ 0. 

As in |ASt loc. cit.], the Zp-dual of this sequence is canonically 

^ H^XliN); Zp) ^ HliYaN); Z^) ^ ^°(C[(iV); Z^) ^ (3.13) 

as an exact sequence of ^^-modules. Finally, Poincare duality implies that the Zp-dual 
of the latter sequence is canonically the exact sequence of ^*-modules, 

^ H^XliN); Zp) ^ H\Y;{Ny, Zp) ^ H'iCHN); Zp) ^ 0, 

via cup product (fixing a generator of H^{Y{{N)] Zp) corresponding to a simple coun- 
terclockwise loop around a point in the upper half-plane), and it is well-known that the 
Hecke and adjoint Hecke actions are compatible with the cup product. 

Now, the natural surjections (-Do)gs ~^ {Dq)g^ for s > r yield the natural injections 

HomG,(£'o, Zp) ^ HomG,(£'o, Zp), 
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in the dual, and these maps are all compatible with the standard Hecke actions arising 
from the action of GL2{Cl)~^ on Dq. Furthermore, the trace maps H^(Y^{N);Zp) — > 
H^{Y{{N)] Zp) are compatible with the actions of the adjoint Hecke algebras, and agree 
with the latter inclusions under Poincare duality. The rest follows easily. □ 

As before, we have a Manin-Drinfeld splitting 

s': H\Y[{Ny,Qp) ^ H\Xl{NyMp) 

and cohomology groups 

H\N) = limH\Xl{N); Zpf"^ and n\N) = \im s'' {H\Y[{N)- Zp))""^, 

r r 

where the inverse limits are taken with respect to trace maps and "ord" now denotes 
the part upon which the adjoint Hecke operator f/^ acts invertibly. These are modules 
over 

f)* = lim(f);)°'^^ and 9f = lim(^;)°'^^ 

respectively. 

3.5 Galois actions 

Our fixed embedding l : Q ^ C defines compatible isomorphisms 

H\Xl{Ny, Qp) ^ HliXliN)/^; Q,) 

and therefore an isomorphism $ in the inverse limit. We define 

Hl,iN) = ^H\N)) and HUN) = m\N))- 

Using, for instance, the duality between the top sequence in f l3.12p and the exact 
sequence in (I3.13p . we have Galois actions on homology as well, producing etale homology 
groups and isomorphisms 

i/i(X[(iV); Q,) ^ i/f (X[(iV)/Q; Q,), 
resulting in an isomorphism in the inverse limit that we also label $. We define 
Ht\N) = ^{Hi{N)) and nf{N) = <l>(Hi(A^)). 
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Note that the isomorphisms between etale homology and cohomology groups result- 
ing from Proposition 13.51 and our choice of l are not isomorphisms of Galois modules. 
Rather, Poincare duality yields a perfect pairing 

HUX[{N),^- Z,) X i/^(X[(iV)/Q; Z,(l)) ^ Hl{Xl{N),^- Z,(l)) = Z^, 

of Galois modules. We have canonical isomorphisms Hf'{N) = Hl^{N){l), and simi- 
larly, nf{N) ^ nl^{N){l). Though we will continue identify elements of nf{N) with 
elements of Hl^{N), we also need to remain aware of the Galois actions for later appli- 
cations. 

Note that the image of Cn,m in 'Hf{N) depends upon l, since applied to 

^r{j '■ M) for j prime to Np varies with l (i.e., is not fixed by the absolute Galois group 
Gq). 



4 First form of the conjecture 
4.1 Eigenspaces 

We continue to fix p prime (with p > 5) and > 1 prime to p. We assume from now on 
that {Z/NZ)^ has prime-to-p order. That is, we assume that p does not divide ^p{N), 
where ip denotes the Euler-phi function. 

For a Zp[(Z/A'^pZ)^]-module A, we define the primitive part of A to be 

keif A ^ A ®z,[(z/ivpz)x] Zp[(Z/MZ)' 

^ M|7Vp 

Np/M prime 

Since p \ f{N), the primitive part of A is canonically a direct summand of A with 
complement 

^kcr((Z/ArpZ)X-»(Z/MZ)x) 

M\Np 
Np/M prime 

We define A° to be the submodule of A consisting of all elements of the primitive part 
of A upon which —1 G {Z/NpZ)^ acts as multiplication by —1, i.e, the odd part of the 
primitive part of A. 

Remark. For now, we work with the above definition of A° . Later, the notation A° will 
depend upon A. 



21 



We may phrase this in terms of eigenspaces of Zp[(Z/A^pZ)^]-modules. Given a 
Dirichlet character [7i/Np7?)^ — > Qp^ of conductor dividing Np, let R^^ denote 
the ring generated over Zp by the values of x- Then is canonically a quotient of 
Zp[{Z/NpZY]. For a Zp[(Z/A^pZ)^]-module A, set 

= A 0Zj,[(Z/7VpZ)x] Rx- 

This is canonically a quotient of A and is an i?^[(Z/iVpZ)^]-module with a ^-action. 

Let S denote the set of GQ^-conjugacy classes of Dirichlet characters on (Z/A^'pZ)^. 
We use ix) to denote the class of %. The direct sum of the quotient maps gives rise to 
a decomposition 

{x)es 

canonical up to the choice of representatives of the classes. Let Ejvp denote the sub- 
set of E consisting of primitive characters, i.e., of characters of conductor Np. For a 
Zj,[(Z/A^pZ)^]-module A, we then have 

^° = A^^\ 

X odd 

4.2 Eisenstein components 

Let = Zp[[Zp^]] denote the Zp-subalgebra of [) (resp., [)*) topologically generated 
by the diamond operators (j) (resp., adjoint diamond operators (j)*) for j G Z^^. Let 
e: A'^ — > (A'^)" denote the natural projection map, viewing A'^ as a Zp[(Z/A'"pZ)^]- 
module in the obvious manner. Let u: (Z/A'^pZ)^ denote the Dirichlet (Te- 

ichmiiller) character which factors as projection to (Z/pZ)^ followed by the natural 
inclusion, and which we will also view as a character on Z^^. Let /t: Z^^ Z^ denote 
the canonical projection to 1 + jsZp. We define the Eisenstein ideal X of f) to be the 
ideal generated by T; — 1 — /(/) and (/) — e{{l))uj{l)~^ for / \ Np, along with Ui — 1 for 
/ I Np. Let m = X + {p, (1 + p) — (Despite the notation, m is not a maximal ideal 
of [).) Using the same definition with adjoint operators, we have corresponding ideals of 
[)*, which we also denote I and m, respectively, by abuse of notation. We also have an 
Eisenstein ideal 3 of with the same generators and DJl = J + {p, {1 + p) — (and 
similarly for i^*). 

We define the "locahzation" of f)* at m by 

= n 

tn'cf)* maximal 
mCm' 
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(and similarly for f)). This is well-known to be a direct summand of f)*. When we refer to 
elements of f)* and its modules as elements of f)^ and localizations at m of said modules, 
we shall mean after taking the appropriate projection map. We use this notation without 
further comment. 

When needed, we will denote the eigenspace of an f)^-module Z upon which the ad- 
joint diamond operators in {7j/Np7?)^ act by 6uj~^, where ^ is a primitive, odd Dirichlet 
character of conductor Np, by Z^^K We remark that m^^^ is the maximal ideal of the 
nontrivial eigenspace (f)^)^^^ when p divides the generalized Bernoulli number Bi^g, and 
the inverse images of such m^^^ in f)* are exactly the maximal ideals of f)* containing m. 

Let Zn = Hl^{N)m and = Hl^{N)m- We note the following useful fact. 

Lemma 4.1. The inverse limit of the maps induces a canonical isomorphism 

Proof. The action of i)^ on Z^ factors by definition through the action of f)^, so the s*" 
do indeed induce a canonical surjective map s as in the statement of the lemma, which 
we must show is injective. For this, we first note that the natural map l: — >• Zjsi is 
by definition injective, as is then the natural map 

t: y^ - {MmHUYaN)-. z^r") {);, 

given that sot = l. By |04l Theorem 1.5.5] and |04[ Corollary A. 2. 4], we have that the 
congruence module Z^/yN is isomorphic to i)^/^- In turn, this is isomorphic by |04t 
Theorem 2.3.6] to 

^mP = (lim^° (C[(iV), Z,)-^) f);, 

which is canonically the cokernel of t. It follows that s is injective as well. □ 

We have that Z^ (resp., 3^Ar) decomposes into a direct sum of (±l)-eigenspaces 
Z]^ (resp., y]^) under the complex conjugation determined by our complex embedding 
L. We wish to compare this decomposition to another standard sort of decomposition, 
determined locally at a prime above p, that is well-understood by work of Ohta [05] . 
building on work of Mazur- Wiles |MWj and Tilouine [T] . 

Let ^ be a primitive, odd Dirichlet character of conductor Np with p \ Bi q. For now, 
let Dp be an arbitrary decomposition group at p, and let 5 be any element of its inertia 
subgroup Ip such that uj{5) has order p — 1 and such that the closed subgroup generated 
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by S has trivial maximal pro-p quotient. Set Zg = [Z^^^Y^, and let Z'q consist of those 
elements of Z)^ upon which 5 acts by a nontrivial power of u{5). 

We denote (A^)<^^ more simply by Aj^\ and we use 2!"^ to denote its quotient field. 
Recalling, for instance, [U3[ Corollary 2.3.6] and |U2[ Lemma 5.1.3] and using the fact 
that {Zn /y^Y^^ is Aj^^-torsion, we have that = Z'q® Zg as (f)^)^^^-modules, where 
Zg is free of rank 1 and the tensor product of Z'q with d"^ over A^^^ is free over the 
quotient field of (f);,)<^>. 

Consider the representation 

p,:GQ^Aut^,(zjJ>). 

and the four maps 

ag: Gq^ End[,;^,(2'g), hg: Gq-^ Y[om^*^{Zg, Z'q), 
cg: Gq^ Hom,,^;, (Zg, Zg), dg: Gq^ Endf,;; (Zg) 

that pg induces, which allow us to view pg in matrix form as 



0- 




Cg{a) 

for a e Gq. Note that Endf,^ (Zg) = and similarly for Z'q, and let Bg and Gg 

denote the -modules generated by the images of b and c respectively. 

Proposition 4.2. Let 6 be a primitive, odd, non-quadratic Dirichlet character of con- 
ductor Np such that p \ Bi g. Then 

Pe{GK) = \ 1" f 1 \a,5el+T^'\f3eBe,ieGg,a5-f3-f = l\. (4.1) 




Proof. The induced maps bg: Gk — Bg/XBg and cg: Gk — ^ Gg/XGg are surjective 
homomorphisms, which follows as in [021 Lemma 5.3.18] (with Zn replacing and for 
Cg just as for Bg). Since 6*^ 7^ 1, eigenspace considerations yield that the fixed fields of 
the kernels of bg and cg on Gk intersect precisely in K. 

Let G denote the group on the right-hand side of (14.11) . which we know contains 
p{Gk) by the same argument as in |02l Lemma 5.3.12] (as described for instance in 
|06i Section 4.2], noting Lemma [4.11) . To prove the proposition, it suffices to note that 
the diagram 

Gk. >G 



h+c 



'a I3-' 

.7 <5 y 



Bg/IBg © Gg/IGe 
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commutes, with the vertical map inducing an isomorphism on C^^. For this latter claim, 
we compute the commutator subgroup of G. 

Note that BgCe = X<^^ by the same argument leading to |02t Corollary 5.3.13], 
together with |06t Corollary 4.1.12]. Let us set 



G' 



a 13 



a 



and let L, D, and U denote the subgroups of G' consisting of lower-triangular unipotent, 
diagonal, and upper-triangular unipotent matrices in G', respectively. Since G' = LDU 
as sets, our claim amounts to showing that L, D, and U are subgroups of [G, G]. 
First, note that 





for a G 1 + J<^^ and (3 e Bg, so U C [G,G]. Similarly, we have L C [G,G]. Next, let 
(3 E Bq and 7 G Cg, set t = /?7 G X^^\ and consider the commutator 



l-t t(3 
-t7 + 



l-t t(3 
-t7 + 




Setting u = 1 — t, and observing that 







we have D C [G, G]. Thus G' = [G, G], and is as desired. 

We are now ready to compare the two types of decompositions of Z)^ ■ 



□ 



Theorem 4.3. For any primitive, odd Dirichlet character 6 of conductor Np such that 
p I Bi^g, there exist a decomposition group Dp at p in Gq and an element 6 of its inertia 
subgroup Ip for which uj{6) has order p — 1 and the closed subgroup generated by 6 has 



N ) 



trivial pro-p quotient such that [Z^Y^'' = (Z 
upon which 6 acts by a nontrivial power of uj{5). 



an 



d (Zj^)^^'^ is the submodule of Z 



N 



Proof. It suffices to show that for any choice of Dp and 6, there exists a conjugate r of our 
fixed complex conjugation tq such that, in our earlier notation, pei^r) = {~qi)- Letting 
det pq denote the composition of det pg with the projection (f)^)^^^ (t)*/m)^^\ the 
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image of po is isomorphic to the semi-direct product of the pro-p group ker(det pe) / ker po 
with the finite prime-to-p group ker(det pe) (see, for example, p3], Lemma 3.3.5]). 

Since any two Sylow 2-subgroups in the image of pe are conjugate, two elements 
of order two in the image are conjugate by the image of an element of Gq if their 
determinants agree. As det peijo) = —1, it suffices to show that {^q i) G peiGo). If 
e{5) has even order 2m, then pg[6^) — ( i)- 

If 6 (6) has odd order, which in particular implies 7^ 1, we take a different approach, 
exploiting our knowledge of the image of pg. Taking tensor products over A = Ay, we 
have 

by [Oil Lemma 5.L3] and [H2l p. 588]. We therefore have that pe^To) = P {-^^ 1) P'^ 
for some 

P e Aut^. ®A = GL2{H)*J'^ ®A i^^^ 
of determinant 1. IfP = (^^5), then 

peiro) = 



N 



-275 a6 + l3-f 



Since a5 — P'j = 1 and aP'j5 G exactly one of P'j and a5 is a unit in 
However, it cannot be P'j, as this would force 

a(5 + /37 = ^7 = 1 mod m^^\ 

contradicting detP = 1 mod m^^^ It follows that a and 5 are units in 
/37 G X^^^ Since a/3 and 7^ are elements of we must have (3 E Bq and 7 G Cg. 
Since P has determinant 1, we also have a5 = 1 mod T^^\ and right multiplying P by 
the diagonal matrix of determinant 1 with upper- left entry it is possible to choose 
both a and 5 to be 1 modulo X^^^ By Proposition 14.21 P is then an element of Po^Gk)- 
It follows that i) G peiGq), as desired. □ 

Remark. One might ask if it is possible to use the same decomposition group Dp and 



element 5 for all choices of 6 in Theorem 14.31 In fact, if = 1, or if p does not divide 
Bi 0-i for any 9 with p \ Bi^e, then this follows quickly from an examination of the 
proofs of Proposition 14.21 and Theorem 14. 3[ For A^ = 1, the image of S^P~^y^ is the 
desired automorphism for all 6, which in this case are the odd powers of uj. If p does not 
divide any Bi g-i, then the analogue of Proposition 14.21 holds for the full representation 
of Gq on Zn, and the second method of proof in Theorem 14.31 yields the result. 
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4.3 A comparison of Iwasawa and Hecke modules 

In |01t Definition 4.1.17], Ohta defines a perfect Zp[[l + pZp]]-bilinear pairing 

i/?,(iV)xi/?,(iV)-.Z,[[l+pZ, 



viewing Zp[[l + pTi^] as a subring of A^. We now give a sliglit modification of tliis. 
Consider first tlie (canonical) twisted Poincare duality pairing 

(-,■).: H\Xl{N), Z,)-^ X H\Xl{N), Z,)-^ Z, 

defined by the cup product 

{x,y)r = x U {wNpr{U*yy), 
where Wfqpr again denotes the Atkin-Lehner involution. It is perfect and satisfies 

(T*x,y)r = {x,T*y)r 
for all x,ye H\Xl{N), Zp)°"^ and T* e f)^ 

Proposition 4.4. There exists a canonical perfect, K\-hilinear pairing 

{■,-)n:H\N)xH\N)^A% 

defined by the formula 



{j,Np)=l 



{x,y)N = \np. ^ iXr,{j ^)*.yr)r(S) {j)* e a] 



for X = {xr),y = (yr) £ H^{N) and satisfying 

{T*x,y)N = {x,T*y)N 

for all T* G P)*. 

Proof. Let r > 1. Note that 

WNprUpWNpr = U* 

on H^{Xi{N); Zp), and WNp'-UpW^pr+i is the operator on H^{Xl~^^{N); Zp) given by the 
sum 

p-i 
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From this, we see that the map 

Res: iJi(X[(iV),Zp) H\XI+\N),Z,) 

that is identified with restriction on parabohc cohomology satisfies 

p-i 

Res{yr) = WNprWNpr+iU* ^(1 + kNp'')*yr+i, 

k=0 

and one checks that it commutes with Up and wj^jpr. It follows that 

p-i 

k=0 

and, therefore, that 

p-i 



r+l,^(l + kNp'Yyr+llr+l = {Xr.yr), 



k=Q 



Thus, the formula for (x, y) n is well-defined. By definition, ( ■ , ■ ) jv is A^-bilinear and 
satisfies the desired compatibility with the action of P)*. 

Since our pairing is A^-bilinear, its perfectness reduces to the question of the per- 
fectness of the resulting pairings on eigenspaces 

for any character 6 on (Z/NpZ)^ . This is turn reduces to the perfectness of the pairing 
at level Np given by the projection of 

Np~l 

E (^i>(r')ii/i)i®(j)i 

(j,Np)=l 

to Zp[(Z/iVpZ)^]<^> for xi, yi E {H\Xl{N) , Zpy''^)<^l This follows immediately from 
the perfectness of ( ■ , ■ )i. □ 

Using t, the pairing of Proposition 14.41 allows us to define a A'^- valued pairing on 
Hl^{N), likewise denoted ( ■ , ■)n- This is Galois equivariant with respect to the action 
of Gal(i^/Q) on A^ which, for the arithmetic Frobenius ai attached to any prime / \ 
Np, is given by This follows from the fact that WNprai{l)* = criWNpr on 

Hl^{Xl{N)]Zp), together with Galois equivariance of the Poincare duality pairing to 
Zp(-l) (as in the proof of (OH Corollary 4.2.8(ii)]). 
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Proposition 4.5. There exists a perfect, i)'^/I-bilinear pairing 
canonical up to the choice of l. 



Proof. We may consider the restriction of tlie pairing ( ■ , ■)i\f on etale coliomology to a 
perfect pairing 

on Eisenstein parts. Let 6 denote an odd, primitive Dirichlet character of conductor Np. 



Restriction provides a perfect A)^ -bihnear pairing 



satisfying the same Hecke compatibihty as ( ■ , 
extend ( ■ , ■ uniquely to a pairing 



Since Z^^ and y^'^ are both free of the same Aj^^-rank with y^'^ C we may 



X yp sit' (4.2) 

to the quotient field of Aj^^ The aforementioned Galois equivariance implies that [zf^'^^ 



■'N 



pairs trivially with iyf)^. Note that iyfy/Tiyfy and {zf)-/{yf)- are both 
isomorphic to (f)*/X)^^^ as Hecke modules. Reducing modulo P^f} and taking the direct 
sum over a set of representatives for the odd classes in S^rp, we finally obtain our 
pairing. □ 

Lemma 4.6. Let r > 1, and let u and v he positive integers not divisible by Np'' that 
satisfy {u,v,Np) = 1. Then er[u : v]r G Hi{Xl{N); Zp)^- 

Proof. As in Lemma [STTj this reduces to showing that any cusp (j2f)r ^^^^ ^ ^ nontrivial 
divisor of Np''' has trivial image in Hq{CI{N); Zp)^. We follow the argument of |02t 
Proposition 4.3.4]. Suppose I is a prime dividing M, and let s be such that exactly 
divides Np'/M. Let t > s be such that Z*"" = 1 mod P, where P denotes the prime-to-Z 
part of Np'' . Then 

Tjtf «^ (a + hMi\ _ fa + bMi\ _.t-srjs( « 

But Ui acts as 1 on the free Zp-module Hq{C{{N); Zp)^ (see |04[ Theorem 2.3.6]), so 
we must have Z*"^ = 1 in Zp or (f^^/)^ = 0- Clearly, the former is impossible. □ 
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We have the following immediate corollary. 

Corollary 4.7. Let u E Z[i] be nonzero, let v E Z be prime to p, and suppose that 
Kt;,iV)Z[i] = Z[i]. Then iiu : v) e H,{NU. 

Lemma 4.8. We have thatXZjj C 3^^^, and the image of ^{0 : 1) G T-Ci{N)~^ generates 
Z^jy^ as an ^f^jX -module. 

Proof. As in the proof of Lemma 14.11 we have 

Zj,/y^ = z^/y], = 

and is canonically isomorphic to a quotient of Ajv as a Hecke module. The first 

statement follows. Note that T-Ci{N)^ is isomorphic to T-C^{N)^, since complex conjuga- 
tion acts on H^{Xl{N); Zp) as -1. Hence, the image of ^(0 : 1) G 7^l(A^)+ in n\N) 
lies in 1-1}{N)~ . That its image in Z^/y^ is a generator follows the definition of the 
congruence module and the proof of |04[ Theorem 2.3.6], since it is shown there that 
the projection of the cusp (^)^ to the Eisenstein component of Ho{Cl{N); Zp) generates 
it as a Hecke module (and we know that the image of oo is trivial). □ 

The pairing of Proposition 14.51 induces an isomorphism of f)j|„/X-modules: 

z^/y], ^ Hom,^ (y^/iy^, (4.3) 

We therefore have the following corollary. 

Corollary 4.9. The map H induced by applying (14. 3 p to the image ofC,{0 : 1) G Tii^N)^ 
in Z^/y^ generates Hom;,;^ (3^j^/X3^^, as a Hecke module and is canonical up to 

the choice of l. 

Let Xk denote the Galois group of the maximal unramified abelian pro-p extension 
of K. Now, we compare the A^r-modules of interest. 

Proposition 4.10. We have a homomorphism 

0; : ^ y-^/iy-M 

of An -modules {under Galois), canonical up to the choice of l, which is an isomorphism 
in its {9~^)-eigenspace for 9 odd and primitive if p\ Bi g-i. 
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Proof. The Galois action on provides a map 

6:GQ^Hom^.,(3^+,3^^) 

that, by Theorem 14.31 and ^03^ Theorem 3.3.12] (see also [MWt Proposition 1.8.2]), 
induces a homomorphism 

6: Hom^^(3;+/J3;+,3^^/J3^^) 

of Galois Aiv-modules. Since 

Hom^^ (y^/iy^,, y-^/xyjj) = Hom^,^ {y^^/iy^,, rji) ®^^,/x yNm. 

we may define (f)[ by b{a) =11® (p'li'^) for a G and the generator 11 defined above. 

Let -Bat denote the Hecke submodule of generated by the images of elements in 
the image of b. As y^ is isomorphic to f)^ as an f)J^-module, is isomorphic to the 
(6'c(j~^)-eigenspace of the image of b for the action of the adjoint diamond operators in 
(Z/NpZ)^ . That (f)'i is an isomorphism in its (^~^)-eigenspace under Galois then follows 
from [02, (5.3.18) and (5.3.20)] (and [QH Section 3.2]) whenever = (y^^fY^l If 
p\Bi^e-h then (Z^)<^> is free of rank 1 over (1);,)^ by [05l (3.4.7)]. Thus, the fact that 
Z]^/y^ = \fjX implies that (3^^)<^> = ^Z^)^^\ Combining this with [05l (3.4.10)], 
which tells us that Bf^ = (XZ^Y^\ we obtain the final part of the proposition. □ 

To be cautious, we will use an ill-defined modification of (f)'i throughout. That is, we 

set 

for a fixed unit cn E A^, independent of t, that makes Conjecture 14.121 below true. 
Though we do not write cn directly into the statements of our conjectures, one should, 
of course, still understand its existence to be a part of them. 

4.4 Inverse limits of cup products and modular symbols 

First, we show that for the purposes of considering the primitive part of second cohomol- 
ogy group, it suffices to restrict to the primitive part of the maximal unramified abelian 
pro-p extension. 

Lemma 4.11. The canonical homomorphism X'^ Hg{K, Zp(l))° is an isomorphism. 
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Proof. Note first that, as seen in the proof of |Shl Lemma 3.4], we have X'^ = X^^. If 
/ is a prime dividing Np, then the part of the direct sum in fl2.ip arising from primes 
over / has a trivial (Z//Z)^-action since there is a unique prime above I in Q(/ii). But 
this means, in particular, that the primitive part of the direct sum in (12.11) must be 
trivial. □ 

We will let ( ■ , ■ )^ _5 denote the projection of the pairing ( ■ , ■ )k,s to X^(l). For v 
prime to p, we let I — denote the norm compatible sequence of elements 1 — (^pr G 
QifJ'Np^)- We use Tk to denote the map 

that is the Tate twist of 0i. 

Recall that 7ii(A^)+ = 3^^(1) canonically up to the choice of l. For u G Z[i] and 
f G Z prime to p with {u, v, N)Z[-] = Z[-], we let ^{u : v) denote the image of ^(m : f )+ 

in {y^/iy^){i). 

We may now phrase the first form of our main conjecture as follows. 

Conjecture 4.12. For any s > and all nonzero u and f G Z prime to p with 
{u, V, N) = 1 and u not divisible by Np^ , we have 

We verify the independence of Conjecture 14.121 from the choice of the complex em- 
bedding L. 



Proposition 4.13. The validity of Conjecture 4- IS is independent of the choice of l. 

Proof. Let us choose a second complex embedding l' of the form l' = l o for some 
cr G Gq. Let 2)^ denote the (±l)-eigenspaces of under the complex conjugation 
determined by l'. Let T'^, and b' denote the maps arising from Proposition 14.101 
with the embedding l' . Let LI' denote the map defined as LI using l' . We use ^' in 
denoting the symbols defined using l' and corresponding to those denoted with C,- 

Let us first consider the map 0i. Note that 2)^ = cr{y]^) and, by construction, we 
have 

U'{y') = U{a-W) 
for y' G 2)^/X2)^. We therefore have a commutative diagram 

x^r^ Hom^. {y^/iy^, y-^/iy],) y^/iy]^ 



/h^cto/oo- 1 
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In other words, we have 

0;(ara-i)=a0i(r). (4.4) 

for r e X^l^''\ 

Next, note that the change of embedding takes 1 — Q' to cr(l — C,'") and 1 — C^f^ps to 
a{l — C/vpO- Using (I4.4p (apphed to T^^) and the Galois equivariance of ( ■ , ■ we 
see that 

- GpO, ^(1 - C))k,s) = ^^k{{1 - Cn,s, 1 - Oks)- (4.5) 
On the other hand, we have a map a that is the isomorphism 

and the analogous map a' defined using l'. One sees immediately that a' = a o a. It 
follows that 

f {p~'u -.v) =a^ [p-'u : v) . (4.6) 

Comparing (14. 6 p with (14.50 . we see that if Conj ecture 16.31 holds with i, it must also hold 
with l' . □ 

5 The view from finite level 

5.1 Cup products and modular symbols 

We now consider the implications of Conjecture 14.121 at finite level. For now, we focus 
on weight 2. Let r > 1, and set = F{^pr). Let = ifj^(X[(A^), Zp)m, and let Ir 
denote the image of X in 1)*. Let 



Hl,{GF.,s,Z,{2)y = ifi(G^,,5,Z,(2)) 



(x)6Sjvp 
X odd 



Note that this differs slightly from our previous version of A° due to the twist in the 
cohomology group. 

Lemma 5.1. For each r > 1, there exists a map 

vr-. HUGp^,s,Zp{2)r ^ {Y-/IrY-){l), 
canonical up to the choice of l, that is an isomorphism in its {uo9'^)-eigenspace if p \ 
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Proof. We construct Uj. out of T^- By Lemma [4.111 we have 

i/l(K,z,(2)r = x^(i). 

Since Gf,s has cohomological dimension 2, corestriction then defines an isomorphism 

X^(l)r. ^i/i(G^.,5,Z,(2))° (5.1) 

with = Gal{K/Fr). 

Set tOr = i{l+p)*y"'-l e [)*. By ^ Theorem 1.2], we have that l)*/ujri)* = and 
by ^01^ Theorem 1.4.3], we have yN/^ryN — Yr- The Galois element aj corresponding 
to j G Zp jy acts on yj^/iy^ as ^ where x is the p-adic cyclotomic character. 

Thus, corestriction provides an isomorphism 

(3^^/X3^^)(l)r,. = iY-/IrY-)il). 

We take Ur to be the map arising from on r.r-coinvariants. The final statement now 
follows from the final statement of Proposition I4.10[ □ 

Let us denote the pairing induced from ( ■ , ■ )Fr,s via projection to H^^g{GFr,s, Zp(2))° 
by ( ■ , ■ Yf^^s- -^o^ m, f G Z not divisible by Np'" and with (m, v, Np^) = 1, we let ^r{u '■ v) 
denote the image of ^^(w : in / I^Y^ (which depends only upon u and v modulo 
Np"^). We now state an analogue of Conjecture 14.121 at the finite level. 

Conjecture 5.2. Let r > 1. Suppose that u and v are positive integers not divisible by 
Np^ with {u,v,Np) = 1. Then we have 

z/.((l-G,.,l-CV)ks)=e.(«:^^)- 
In fact, this conjecture is equivalent to Conjecture I4.12[ 
Proposition 5.3. ConjecturelJ^JE and Conjecture {57^ are equivalent. 



Proof. Let u, v, and s be as in Conjecture 14.121 The corestriction map yielding (15.1 1) 

takes (1 - C^ps, 1 - CYk^s ^ (1 - C^, 1 - CV)^.,S' and the map 



ord 



takes ^{p~^u : v) to ^r{p^~'^u '■ v) for r > s. Since in each of the two cases, the former 
object is the inverse limit of the latter objects, we have both implications. □ 
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Suppose that t is a positive divisor of Np^ for some r and u and v are positive 
nonmultiples of Np^ with (t-u, v, Np) = 1, and set Q = Np'^/t. We also assume that u is 
not a multiple of Q. Since Ut — 1 E I, the equation fl3.1ip yields immediately that 

t-i 

^^r{u + kQ ■.v)=^ritu:v). (5.2) 

k=0 

On the other hand, 
t-i 

In particular, Conjecture 15.21 is compatible with these relations. 



5.2 Image of the cup product pairing 

We have the following generalization of a conjecture of McCallum and the author's |McSl 
Conjecture 5.3], originally given in the case = 1. 

Conjecture 5.4. The span of the image of {■ , ■ Yp^^s H^tsi^Fr,s, Zp(2))°. 

We require the following lemma. 

Lemma 5.5. The images of the symbols [u : f]^ for nonzero u,v E Z/Np'^Z with 
{u,v) = (1) together generate Hi{Xl{N); Zp)^ as a Zp-module. 

Proof. Lemma implies that such a [u : v]r lies in Hi{Xl{N);Zp)m since u,v 0. 
Furthermore, |U4t Theorem 2.3.6] implies that Hq{C{{N); Zp)^ is freely generated as a 
Hecke Zp[(Z/A^p''Z)^]°-module by the image of [0 : 1]^. Therefore, it is also generated 
over Zp by the images of the [0 : w]r with 1 < w < Np^ and {w,Np) = 1. Hence, the 
exact sequence (13.11) yields the result. □ 

We now see that Conjecture 15.21 implies much of Conjecture 15. 4[ 

Proposition 5.6. Conjecture \5. S\ implies that the span of the image of{-, -Yp^ s contains 
HLiGFr,s, Zp(2))(^^"') for all primitive odd 9 with p \ Bi^g^i. 

Proof. Since p | Bi^g-i, Proposition 14.101 implies that Ur is an isomorphism. Lemma [5.51 
and Conjecture 15.21 then imply that the images of the (1 — Cyvpr, 1 — CNp^)Fr,s generate 
the (u;6'~"'^)-eigenspace of if^tg((jF,.,s, Zp(2)), as desired. □ 



35 



5.3 A map in the other direction 

The comparison between the two sides of Conjecture 15.21 is perhaps seen more naturally 
in the opposite direction. We begin by examining relations among values of the cup 
product pairings on cyclotomic S-units. We will find relations analogous to the relations 
(I3.3l) - fl3.7p on Manin symbols. 

Recall that (x, 1 — x)Fr,s = if x, 1 — x G Sp^ |McSl Corollary 2.6]. Note that 
{CNp^,CNp^)Fr,s = by antisymmetry of the cup product. Since — ^f,- ® /^p'" 
Hl^^(GFr,Si'^p{'^))° has a trivial action of —1, Galois equivariance of the cup product 
pairing implies that (Cwp' ! a;)^^ ^ = for all x G Epr- 

Since 

1 ~ Cnp^ = ~Cnp^{^ ~ Cnpr), 

we have 

Antisymmetry of the cup product yields 

(1 - Gp'-, 1 - GpO^r.s + (1 - Cnp-^ 1 - GpOf^.s = (5.4) 
for ti, G Z not divisible by Np'' . If u + t; is not divisible by Np'' , then the identity 

-[ _ /-V. , /-u (-1 _ /-v \ _ 1 _ /-u+v 

imphes 

(1 ~ CATpr, 1 — CNp^)Fr,S = (1 ~" Ca^p' ) 1 ~ CNp^)Fr,S + ~ Cnp^^ ^ ~ CNp^)Fr,S- (5-5) 

Finally, Galois equivariance tells us that, for any j G Z prime to Np, we have 

'^ji^ ~ CaTp-' 1 ~ CNp^)Fr,S = (1 - Cnp^, 1 - CNp^)Fr,S, (5.6) 

where aj G Gal(i^/Q) satisifes <7j{(Np^) = Ciipr- 
Proposition 5.7. There exists a homomorphism 

: H,{X[{N), Cl{N)- Z,)+ ^ i/l(G^,„5, Z,(2))° 
satisfying (j)^ = aj^ o Wr for all j prime to Np and such that Ct7r([l : 0]^) = and 

Wri[u:v]t) = il-CNprA-CNpr)k,S 

foru,v G Z not divisible by Np^ with {u,v,Np) = 1. 
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Proof. Compare relations 03.31) . fl3.5l) . and fl3.7p with fl5.3p and fl5.4p . relation (13.40 with 
flS.Sp . and relation (13.60 with (15.60 . Since the Manin symbols generate the module 
Hi{Xl{N),C{{N)] Zp)+ and the relations fl3.3p - fl3.70 give a presentation of it, we need 
only remark that zUr behaves well with respect to these relations in the case v = 0. This 
is obvious: for instance, for relation (13.50 . we have 

zur{[u : 0]+) + Wr{[u : + zur{[0 : = 0, 

as [u : n]+ = 0. □ 

We fully expect that the restriction of tOr to Hi{Xl{N)] Zp)+ is Eisenstein. 
Conjecture 5.8. The restriction of Wr to Hi{Xl{N);Zp)~^ satisfies 

ZUriTix) = (1 + le{{l)))zUr{x) 

for I \ Np and 

for I I Np, for all x E /7i(X[(Ar); Zp)+. 

One can check directly using relations of McCallum and the author in Milnor K2 of 
OFr,s (e.g., [McSl Section 5] for T2) that it is Eisenstein with respect to the operators 
T2 if 2 \ N and T3 if 3 f A^. A slight variant of the map Wr and this fact have been 
discovered independently by C. Busuioc, and we refer the reader to |B] for the latter (in 
the case = 1), as our proof is very similar. The analogue of Conjecture 15.81 is also 
discussed in [B]. 

Remark. When taken together with Conjectures 15. 2l and l5. 41 (noting Lemma 15751) . Propo- 
sition [5?7] forces z/j. and the map that zur induces on (F,r/Xy^r)(l) to be inverse isomor- 
phisms. It follows that Tx would also be an isomorphism, or equivalently, that Bj^i 
in the proof of Proposition 14.101 would equal 3^^. While rather natural, this is also a 
remarkably strong statement, which does give us slight pause. 

6 Main form of the conjecture 

6.1 Modified two- variable j3-adic L- functions 

Let M be a positive divisor of A^. We now consider modifications of our two variable 
p-adic L-functions Cn,m- We view Zp[[Zp^Ar]] as a continuous module over A^v via left 
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multiplication. We again denote the element of Zp[[Zp_7v]] corresponding to j G Zp by 
[j]. Define to be the quotient of Zp[[Zpjv]] by the A^r-submodule generated by [0]. 
Define Z*^^ to be the set of nonzero elements in Zp^^r- We also write = Zp[[Zp jy]]. 

We now construct modified versions of our L-functions. For any M > 1 dividing A^, 
let us set 

Np''-l 

£^_^, = lim J2 U-^Uj--M)^[j]ren^iN)^z,AN- (6-1) 

{i,A/)=i 

It is worth noting that this is well-defined. The proof is similar to the case of Cn, with 
one additional detail. That is, we view [j]r in the rth term of the inverse limit in (16.11) 
as an element of Zp[(Z/A"p^Z)*], which we define to be the quotient of Zp[Z/Np^Z] by 
the Zp[(Z/A'j9'"Z)^]-submodule generated by [0]^. The natural map 

Zp[(Z/Ar/Z)1 ^ Zp[(Z/Arp'^Z)*] 

for s > r now takes [j]s to [j]r, the latter of which is if j = mod Np'". The rest 
is then the same as before. Note that we use (Z/Np^Z)* to denote the set of nonzero 
elements in Z/Np^Z. 

Although C*ff M "^ill always lie in Hi{N) (8>Zp A^, its localization in the Eisenstein 
part of homology does. The following is an immediate corollary of Lemma 14. 6[ 

Corollary 6.1. The modified L-function C*^ j^j lies in -ffi(A^)m ®Zp A^. 

Finally, we remark that C^f^ ^ also specializes to integrals with respect to Xn,m- We 
extend \n,m to a measure on Zp^iv by setting 



Aiv,M(a + A^p'Z, 



p,N) 



if (a, M) ^ 1 

Up^^{a : M) otherwise. 



Let X- '^p,N — > Qp be a congruence function (i.e., a limit of congruence functions of 
finite period, necessarily satisfying x(0) = 0). Consider the induced map 

X:^i(iV) ®z,A^^Hi(iV) 

We then have 



X^C^nm) = [ X^N,M e HiiN) Qp. (6.2) 
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6.2 The Zp-dual of the cyclotomic j9-units 

We shall actually be interested in the composition of with a map to a slightly different 
module arising from cyclotomic 5'-units. We remark that 

Let Ok,s denote the ring of S'-integers of K. The direct limit of the sequences fl2.2p over 
r and E provides an exact sequence 

lira Ols/OZs ^ H\GK,s,f^p^) ^ Ak,s - 

for every n > 1, where Ak,s denotes the direct limit of the p-parts of the S'-class groups 
of number fields in K. As before, let Sk denote the pro-j9 completion of g. Note that 

Rom^tsiSK, Zp) = Hom(0^ 5, Zp) = Hom(0^ 5 ®z Qp/Zp, Qp/Zp). 

Thus, we obtain an exact sequence 

}lom{AK,s, l^p^) ^ ^ Homcts(i^i^, Zp(l)) 0. (6.3) 

Now consider the pro-p completion Ck of the group of cyclotomic S'-units in K, which 
is to say the pro-p completion of the group generated by the 1 — with ^ G fiNp°°, ^ 7^ 1- 
Let us set = Homcts(C/f, Zp(l)). By (16. 3p . we have a homomorphism 

q: Xk ^ ^K- 

Remark. If = 1 (or 2), the map q is an isomorphism if and only if Vandiver's conjecture 
holds. 

Note that we may decompose a ATv-module A into its (±l)-eigenspaces A"^ for the 
action of -1 G {Z/NpZ^. 

Proposition 6.2. There exists a injection 

Qk: Q--(A^^)- 

of A -modules, canonical up to the choice of l, such that 

0/r(0) ® C = lip 5Z 0(1 - CV) ® t^]'- 
1=1 

for all (j) G 
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Proof. For r > 1, let Cr denote the p-completion of the cyclotomic S'-units of Fr = 
F{fipr). There are obvious surjections 

^,:Zp[(Z/iVp'-Zr]^a 

given hj ipr{[i]r) = 1 — Cnp^ ^ divisible by Np'''. These are compatible in the sense 
that 

for any s > r. Note that we have 

Homz,(Z,[(Z/iV/Z)*],Z,) - Z,[{Z/Np^Zy] 

via 

i=l 

and these are compatible in the sense that 

0r([«]r)[«]r = ^ ( [«]r+l ) [«]r 

i=l 1=1 

if 

0, eHomz,(Zp[(Z/iVp^Z)*],Zp) 

for each r > 1 satisfy 

k=0 

for all i not divisible by Np^'. Hence, we have injections 

rr-. Homz,(a,Zp)^Zp[(Z/iV/Z)'^] 

dual to the ipr that are compatible under restriction on the left and projection on the 
right. We have 

€K = lim Homz,(a,Zp(l)), 

r 

where the inverse limit is taken with respect to restriction maps, so our injection Qk 
can be taken to be the restriction to of the inverse 

limit of the V^; OC'^"^- □ 

Remark. In fact, <t]^ is isomorphic to A]^, but it is the injection of Proposition 16.21 that 
is most natural in our setting. The map Qk is an isomorphism in its ^-eigenspace for 
any odd, primitive character of (Z/NpZ)^ . 

Let 02 be the composition of the natural map : £^ with 0/^. 
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6.3 The reciprocity map and the L-function 



Let M be a positive divisor of A^. By Corollary I6.H the image of £^ in Z^q (^Zp is 
actually contained in ®Zp A^. Let 



denote the projection of to the latter Galois module. (Recall that the Galois 

modules TCfi^N) and Hl^{N){l) are canonically isomorphic, so m depends upon our 
fixed choice of l.) We denote by Sat the homomorphism of A^f A^r-modules 

= 01 ® 02 : ^ yN/^yN (A^)- 

resulting from Propositions I4.1UI and 16.21 

Recall that H^{K, Zp(l))° = X^. We will use to denote the projection of 
(see Section 12.21) to a map 

^°k:Uk^X°^®Zp ^k- 

Again, let l-C^ eUk denote the norm compatible sequence (1 — CNp^)r of S'-units. 
We are now ready to state our main conjecture. 

Conjecture 6.3. We have 



In fact. Conjecture 16.31 is equivalent to our earlier conjectures relating cup products 
and modular symbols. 



Proposition 6.4. Conjectures \4-l<!\ and\6.^ are equivalent. 



Proof. Let Q > 2 be a divisor of Np^ for some r > 0, and let z G Z with Q \ i. Define 



Hi^Q-. A^ Zp(l) 



by 

( j = i mod Q 



1 j ^ i mod Q, 



which induces a map on (A^) , viewing it as a submodule. 
We claim that 
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on X^, where 7!'i_m is as in Section [521 Let a G X^. Recall that (j)2 is the composite of 
the map X^ — > £^ with Q^. Then, by Proposition I6.2[ we have 

vri,Q o (j)2{a) = vr,,Q(^lim ^ (7r^_^^^^(a) ® C®"')b%) 

s J=l 

= lim ^i-C^,.(^) 
s i=i 

j—i mod Q 

for cr G X^, as desired. 

For any positive divisor M of N, we have by definition that 

(1 ® ^i-Q,)(n(i - C"')) = (1 - Cq, 1 - C'%,s- 

It follows that 

(1 ® vr,,g)(S^(vl/^(l - C^O)) = Tx((l - Cq, 1 - r)^^)- (6.4) 
Assume now that {Np^ /Q ■ i, M) = 1. Since [/p — 1 G X, we have 

(l®7r,Q)(Z^)=lim ^ er(j:M)®C''-i®7r,Q([j]) 

r j=i 
U,M)=1 

= lim ^ + A;(5 : M). 

»■ fc=0 



As in (15.21) . we have 



(7Vp7Q)-l 

U{W/Q)i ■■M)= + kQ : M). 



fc=0 

Hence, we have that 



(1 ® 7r,Q)(/:^_,,) = a{N/Q)t : M). (6.5) 
Putting (16. 4p and (16.51) together. Conjecture 16.31 yields 

T,,((l - Cq, 1 - C'')k5) = m/Q)^ : M) 

for all i and Q as above. As any symbol (1 — C/vp^, 1 — C")k,s Conjecture 14.121 is a 
Galois conjugate of one of the above form, and noting (13. 6p and the fact that 



Ti^ o aj = (j) ^ o T 



K, 
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Conjecture 16.31 implies Conjecture 14.121 

Conversely, fix M and take i and Q as before with {Np^ /Q ■ i, M) = 1. Conjecture 
14.121 along with (16. 4p and (16. 5p then imply that 

(1 7r,,Q)(S;v(v&?,(l - C''))) = (1 ® ^^,Q)(^^I)■ (6.6) 

If instead {i, M) ^ 1, then vrj^g is trivial on symbols of the form [j] with j G Z* ^ coprime 
to M, and (16.61) still holds with both sides being trivial. Since the tTj^q with Q = Np'' 
for some r > 1 and i G Z not divisible by Q generate Homzp(A^, Zp(l)) topologically, 
we have the reverse implication as well. □ 



7 Comparison with ^^-adic L- values 
7.1 Characters and cyclotomic units 

From now on, we work with multiple characters of Z^ at once, so it is easiest to extend 
scalars to the ring On = Zp[/i^(7v)poo]. Similarly to the appendix to [Sh] (but with a 
larger ring), for a Zp[(Z/A^pZ)^]-module A and character x of (Z/A'^pZ)^, we define 

Furthermore, for any homomorphism a: A ^ B oi Zp[(Z/A^pZ)^]-modules, we have an 
induced map 

which we may also view as a map from A®2,pON to factoring through A^. Let 
ey^\ A A^ denote the idempotent 

ex = -7^ E xi^)~'[^\leON[iZ/NpZn 
^' ie(z/NpZ)x 

For notational purposes, we extend these definitions to any function x of Z^ by using 
the restriction of x to (Z/NpZ)^ . 

We extend k multiplicatively to Zp,N by setting K,{p) = p and, if / is a prime dividing 
A^, taking k,{1) to be the value one obtains by viewing k as a character on Z^, which 
contains I. Suppose now that x- Zp^^ Qp has the form x = V''^* for some t > 0, where 
i(j arises as the continuous extension of a not necessarily primitive Dirichlet character on 
Z of period dividing Np"^ for some r > 1. Following |GSj . we refer to such a character 
as an arithmetic character. For such a we let denote the prime-to-p part of the 
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period of the restriction of to Z. We consider cu as an arithmetic character by taking 
its unique extension with f^^ — 1. 

Let ^0 be a finite, even arithmetic character on Zp^^. Fix t > 1 and consider positive 
integers M dividing Np and Q dividing N. Consider the products 

<r,t- n (1 - cv)^^*"^^^ 

i=l 
{i,M)=l 



{i,Np)=l 



for r > 1. (Note the abuse of notation here: these elements he in Ck ®Zp On, and so we 
allow exponents in On-) In fact, we may consider a^f' with the same definition for any 
t eZp. The r^tf.r.t satisfy 

and similarly for the a^^f'. Let us consider the limits 

vt,t = vt,r,t and af'''' = lim a'^f. (7.1) 
The Galois automorphism aj corresponding to j e ^ satisfies 

^3vlM,t) ~ \'lM,t) ' 

and likewise for the af'^, so these are elements of . Note that af'^ = 1 if does 
not divide Q. Finally, we set of — a^''^ and use corresponding notation with "r" in the 
subscript for the rth terms which have these hmits. These compare as follows. 

Lemma 7.1. We have the following equalities: 

a. af = (,y]^^jn;|^„itM(i-V'K*-^(0)^ and 

b. af = (a,«''^)f§}n,.,,a(i-^'^'-HO) | q 

Here, the products are taken over primes I. 
Proof. Set X = Let us also consider 

Dp"--! 



i=l 
(i,M)=l 
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for any D dividing and M dividing Dp, as well as the limits . We claim that if 
f^\ D, then 

f^M't = Vt,t. (7.2) 
To see this, note that if the period of t/^ on Z divides Dp^, then 

Dp'^-l Dp- -I N/D-l 



j=l j=l k=0 

{j,M)=l {j,M)=l 



Dp"--! N/D-l 

= n n (1 - cg'''^")^^^'^'''^"^ mod 

j=l k=0 
(i,M)=l 

Since j + kDp^ is prime to M if j is, the latter term is ^^tf rt- The claim then follows by 
taking limits. 

Consider the formal identity 

Np^/d-l Afp"--! 

d\Np,(d,M)=^ «=1 '=1 

d>l (i,A/)=l {i,Np)=l 

where fi denotes the Mobius function. It follows from our definitions that 

<t= n (/^s^-t.)'^^'^"^'^ (7-4) 

d\Np, {d,M)=l 
d>l 

where = {d,N) and 6^ = logp^d/g^). Note that x{(^) implies that | (N/gd). 
Taking limits and applying (17.21) . we get 

Applying 

n (l-x(/))= E Mx{d), (7.5) 

l\Np,l\M d\Np,{d,M)=l 
I prime d>l 

we have part a. 

For part b, we assume that | Q. Then, we have 

«f = (^^^.J^'i-''^'^^'-"^'^^ = (/?g;5)n.^.tQ(i-x(0). (7.6) 

using part a in the first step and (17. 2p in the second. On the other hand, we have 



«S^ = (/9g;tj^modC^\ 



Taking limits and combining this with (17.61) . we obtain part b. □ 
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7.2 Special values 

Let y4 be a finitely generated ATv-moduIe. Then for any aritlimetic cliaracter x '^p,N 
we liave specialization maps 



For later use, we remark that an element of A is uniquely determined by its 

specializations. 

Lemma 7.2. Suppose that A is Zp-torsion free. An element a G A^Zp^N satisfies 
= for all (finite) arithmetic characters x on Zp^N if o-nd only if a = 0. 

Proof. An element of A^Zp is nonzero if and only if, for every Zp-quotient B of 
A, the image of a in i? ®Zp A^ is trivial. The problem then reduces to the case that 
A = Zp. Now, choose r > 1 such that the image of a in Zp[{Z/Np'^ZY] is nonzero. 
Since the Dirichlet characters of conductor dividing Np^ form a basis of the space of Qp- 
valued congruence functions of period dividing Np'', there exists a Dirichlet character ip 
of conductor dividing Np^ such that ilj{a) ^ 0. □ 

Let us compare Cn,m and ^ for any positive divisor M of N. 

Lemma 7.3. For any arithmetic character x on Zp tv we have 



X: A®Zp^N ^ A®zp On, 




-l\Np,l\M 
I prime 



where -0 = 11, 



l\Np, l\M 



I. 



Proof. Using fl7.3p . we have 



E XUWU3--M) 



J2 M E XmU;'Udj:M). 



{j,Np)=l 



d\Np j=l 
{d,M)=l {j,M)=l 



d>l 



If fi{d) 7^ in the latter equation, then d divides D, and we have 



UoUdj : M) = Un/d Yl ^^U + ^Nf/d : M) 



k=0 



by (13.111) . Let r be large enough that 



X{dj) = xid)xU + kNf/d) mod fOM. 
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Since M \ (Np^/d), we then have 

Ud xm7U3--M)^ Mx{d)Un/d Y xU^p^'^J M), 

j=l d\Np j=l 

U,Np)=l (d,Af)=l (i,M)=l 

d>l 

where the congruence is taken modulo p^Sr{Hi{Xl{N), C[(A^); Zp))°'''^. We obtain 
Udx{^n,m) = [ Y Mx{.d)UD/d\x{.^ 



■-N,M> 



^d\Np, {d,M)=l 
d>l 



in the hmit. By an analogous equation to (17.51) . the result follows. □ 

For any x on Z^^^, let 

[)x = (f) ON)/i{a) - xf^'^uj-\a) \ a E Z;_^). 

Then, for any f)-module Z, set = Z f)^, and let P^: Z Z^he the natural map. 
Now, if a and x finite arithmetic characters on Zp^N and k,s E Zp, then we define 

Lp,M{^,(y,k,x,s) = P^^k{xK'-^{CNM)) ^ Hi{N)^^k. 

If s is a positive integer, then we set 

Ll,Mi^,a,k,x,s) = P^^k{xK'-^ {^nm)) ^ T^lWan"- 

It follows from (13.51) and (13. 6p that L* ^^(^, a, k, x, s) is zero if a is odd. Lemma [7]3] has 
the following immediate corollary. 

Corollary 7.4. Let a and x be finite arithmetic characters on T^p^N, let k G Zp, and let 

s be a positive integer. Then we have 

UoLp^Aii^, a, k,x,s)= i Yl (Ui - ] L^^rA^, a, k, x, s), 

^l\Np,l\M ^ 
I prime 



with D as in Lemma 7.3 



Let us abbreviate the standard p-adic L-function Lp^i by Lp. This has the following 
functional equation: 

Lemma 7.5. We have 

Lpi^, a, k, X, s) = -xi-l)Lp{^, a, k, ax^^cj"^ k- s). 
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Proof. We may assume that a is even. The result then follows directly from fl3.3p and 
(13.61) . which yield the identity 

PaAUj ■■ 1)) = -a-Wn-'+'ij)P^AU-r' ■■ 1)) (7.7) 
for j prime to Np. This in turn implies 

(j,Np)=l ij,Np)=l 

yielding the desired result in the inverse limit. □ 

We also have the following. 
Lemma 7.6. Let Q = N/M, and suppose that fax-^ I Q- Then 

UnL,{^, a, k, X, s) = (jJiUi - ax-'u;-\>'-^-\l))^ L,M^, a, k, x, s) 

forD = Ui\N,i\Q^- 

Proof. First, let us remark that, while ax~^ is not a priori well-defined, we make it so by 
considering it as a finite arithmetic character by taking the extension of its restriction 
to of minimal period. We compute the latter L- value. Let us define 

Np^'-l 

£j^ = lim J2 : 1) ® [jV 

^ i=i 
(i,Op)=i 

Just as in the proof of Lemma 17. 3[ we have 

^l\N ' 

m 

for any arithmetic character /5 on Zp^jy. Hence, setting 

Lf{i, a, k, X, s) = P... 

in general, we obtain 
UdLp{$,, a, k, ax~'^(^~'^, k — s) 

= (\[{Ui-ax-'uj-\^-^-\l))\L'^^{i,aXoiX-'^-\k-s). (7.8) 

m 
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Then, for r sufficiently large, 

Np"--! Qp''-1 M-1 

j=l j=l k=0 

U,Qp)=^ U,Qp)=i 



Um Y1 «X"'^-V-"i(j)e(Mj : 1) 



(i,Qp)=i 



{j,Np)=l 



where the congruences are taken modulo p^Sr{Hi{Xl{N),Cl{N);Zp))°^'^ and we have 
used (13.111) in the second step. Since ^r{Mj : 1) = {j)~^C,r{M : we therefore have 

(e, a, k, ax-'uj-\ k - s) = -x{-1)^^UmLpM^, a, k, x, s), (7.9) 

as desired. The result now arises from (17.81) by applying Lemma [731 to its left-hand side 
and plugging in the result of (17. 9p on its right hand-side. □ 



7.3 Cup products and special values 

Let and 7 be finite even arithmetic characters on Zp jv? set = ^^^7? and assume 
that p I Bi^0 and 6 is primitive when restricted to (Z/NpZ)^ . The pairing ( ■ , ■ )k,s of 
Section [2] induces an O^r-bilinear map 

(.,.)gg^cr xwr-xr(i), 

where one should note that the inverses of the characters in question are well-defined on 
Zp^. Any element b G Cf^ induces a homomorphism 

factoring through X^. By |Sht Lemma A.l], the map (^^)T takes its image m 

X even 

It follows from (12. 5p that 

49 



for any u G . 

Finally, for any positive divisor M of A^, let 



N) 



denote the image of >Cjvm this module. 



Proposition 7.7. Conjecture is equivalent to the statement that 

for any positive integer M dividing N, finite even arithmetic character ip on 'Lp^N, prim- 
itive odd character 9 on [Tj/NpT?)^ with p \ Bi^, and t>l. 

Proof. For u G Z[i] and v e Z prime to p with {u,v,N)Z[^] = Z[i], let ^^^^{u : v) 
denote the projection of : v) to (y]^/iy]^)^^K We have 

Np''-l 

i=l 
{i,M)=^ 

(7.10) 

Using Conjecture I4.12[ this becomes 

i'K''\i)i^^\p~''i ■■ M) = 5^ I ^ i^^\p'''i ■.M)®[i 

i=l \ i=l 

(i,M)=l (j,M)=l 



and the limit over r of the latter sum is {^n m)^^'^ ^y its definition, noting (16.11) . 
As for the reverse implication, noting (17.101) . we may apply Lemma [7.21 to obtain 

for all i not divisible by Np'^ and primitive odd characters 9 on {Z/NpZ)^ . Conjecture 
14.121 follows immediately from this. □ 

For X on ^, let On{x) be On as an CAr-module, endowed with a x-action of the 
Galois group Z^^. For any OAr[[Zp ^]]-module A, let A{x) = A ®c>^ On{x)- Alterna- 
tively, if A is just a ATv-module, we set A'{x) = ^®Zp On{x)- Let k and t be elements 
of Zp. As in Lemma 15.11 corestriction provides an isomorphism 

{X'^{K'-'9))o.m) ^ HI,{Gq,s,On{k'uj9)). 
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It also provides a homomorphism 

under which 1 — ^ is mapped to a^.^. We have a cup product map 

Define f)* and P* analogously to f)^ and using the adjoint diamond operators. We 
then let denote the image of X in (t)^)m and set = P*{y]y). We let L*^Mi^j X) ^) 
denote the image of L* a, k, x, s) in Ya^k/ laK^Y^Kk for any allowable a, x? ^5 and s, 
and similarly for L^ m and Lp. 

Note that induces an homomorphism 



fc-i/ 



and recall the definitions of the limits of S-units rjfj^ and a^''^ from (17. ip . We make the 
following conjecture. 

Conjecture 7.8. Let M be a positive integer dividing N, and let ip and 7 be finite even 
arithmetic characters on Zp^^. Set 9 = uip'j, suppose that p \ Bi^ and 6'|(z/Arpz)x is 
primitive, and let k ^ Zp and t > 1. Then, we have 



One sees easily that rii,j^^ U 



a 



N/M,'Y 
k-t 



is the image of (r^^^^, e^-i(l — under 



corestriction. Therefore, Proposition 17.71 implies the following: 



Proposition 7.9. Conjecture \4-l^ is equivalent to Conjecture \ 7. 8 



In terms of standard p-adic L-values, we have the following possibly weaker conjec- 
ture. 

Conjecture 7.10. Let 9 and ip be finite arithmetic characters on Zpjv with 9 odd and ip 
even, suppose that p \ B10 and ^|(z/ArpZ)x is primitive, and let k,t & Zp. Then we have 



^K^u^eiat ^ot^-t"^ ') = Lp{C.,uj9,k,ip,t). 



Proposition 7.11. Conjecture 7.8 for M = 1 implies Conjecture 7.10, and the converse 
implication holds if y^/iy^ is p -torsion free. 
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Proof. We will prove slightly more than what is claimed. Suppose first that t > 1. Pick 
M such that | (N/M), e.g., M = 1. By Lemma [7. we have that af U equals 



«(n(i-*-'-'(o))(n(i-o--'w)) 

^ \\Np ^ l\N ^ 



ivti,t U af/ 



N/Ma\ 
t ) 



l\Np ' ^ l\l 

l\M l\N/M 



On the other hand, by Corollary 17.41 and Lemma [7161 we have that Lp{^,uj9, k,ip,t) 
equals 

ip{N/M) 



ip{N) 



l\Np ^ l\N ^ 



l\Np l\ 
l\M l\N/M 



Conjecture 17.81 then immediately implies Conjecture 17.101 for t > 1. The general case 
then follows by taking limits using a sequence of positive integers converging to t, since 
af , dl-v ^^"^ Lp{^,uj6, k,ilj,t) vary continuously with t. 

Conversely, suppose that 1 — 7(/) lies in for alll \ N with / f {N/M). This occurs, 
of course, whenever M = 1. Conjecture 17. 101 then implies that 

J^K^cueiaf U afZf = Lp^ni^, ^^0, k, ip, t) 

for all k E Zp and t>l (again by Lemmas 17. II and [7.61) . and hence that 

Next, note that 



l\Np 
l\M 



and 



H\Np 
l\M 



We have that ^ 1 for t >2 and / | Np, since k^~^{1) is in this case a nontrivial 

element of 1 + pZp and ipi^l) is either or a root of unity in Ojy. Since ^ and, by 
assumption, {y^/Xy^ 0Zp ^n)^^'^ contain no Ojv-torsion, it follows that 

for all t > 2. Conjecture 17.81 for our our particular M, ip and 7 then follows for t = 1 as 
well by Lemma [7. 2[ □ 
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Remark, li p \ Bi g-i for a given 6 with p \ Bi g, then Proposition I4.1UI imphes that 
iy^ /Xy^Y^'> is p-torsion free. As in the remark at the end of Section our conjectures 
imply that y^/Xy]^ is isomorphic to X^, so we expect it to be p-torsion free in general 
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